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Abstract
It has been argued that, underlying M–theoretic dualities, there should exist a symmetry
relating the semiclassical and the strong–quantum regimes of a given action integral.
On the other hand, a field–theoretic exchange between long and short distances (similar
in nature to the T–duality of strings) has been shown to provide a starting point for
quantum gravity, in that this exchange enforces the existence of a fundamental length
scale on spacetime. In this letter we prove that the above semiclassical vs. strong–
quantum symmetry is equivalent to the exchange of long and short distances. Hence
the former symmetry, as much as the latter, also enforces the existence of a length scale.
We apply these facts in order to classify all possible duality groups of a given action
integral on spacetime, regardless of its specific nature and of its degrees of freedom.
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1 Introduction
Quantum gravity effects are due to arise at scales of the order of the Planck length
LP . Let ds denote the Lorentz–invariant interval on a spacetime manifold M. It has
been argued that the existence of a fundamental length scale LP implies modifying the
spacetime interval according to the rule
ds2 −→ ds2 + L2P , (1)
so LP effectively becomes the shortest possible distance. In ref. [1] it has been proved
that modifying the spacetime interval according to (1) is equivalent to requiring invari-
ance of a field theory under the following exchange of short and long distances:
ds←→ L
2
P
ds
. (2)
This equivalence has been proved in ref. [1] for the quantum theory of a scalar field;
interesting applications of the transformation (2) to other quantum field theories have
been worked out in ref. [2]. Not only field theory: also strings, thanks to T–duality [3],
are symmetric under the exchange of short and long distances.
Along an apparently unrelated line, section 6 of ref. [4] introduces the concept of
duality as the relativity in the notion of a quantum. In ref. [5] we have shown how to
complement Feyman’s exponential of the action
exp
(
i
S
~
)
(3)
in order to render it manifestly invariant under the exchange
S
~
←→ ~
S
. (4)
Above, the precise nature of the action S is immaterial. It can be, e.g., the action for
a mechanical system with a finite number of degrees of freedom, or the field theory
actions studied in refs. [1, 2], or any other. The key property of the duality (4) is
the fact that it maps the semiclassical regime S ≫ ~ into the strong quantum regime
S ≪ ~, and viceversa, thus implementing the relativity in the notion of a quantum
alluded to above as a duality [4].
In this letter we first prove that the dualities (2) and (4) are equivalent: whenever
the one holds, so does the other, and viceversa. We then use this fact in order to provide
a geometrical classification of possible duality transformations. We find that the Z2–
transformations (2) and (4) extend to more general groups, among which PSL (2,C),
and subgroups thereof, stand out. Finally we interpret our results in the light of a
quantum theory of gravity. Closely related ideas have been put forward in ref. [6],
where Planck’s constant ~ has been interpreted as a dynamically generated quantum
scale (which runs according to a certain beta function).
2
2 Equivalence of dualities
In this section we establish the equivalence between the dualities (2) and (4). In order
to prove this point we digress to introduce the necessary material from ref. [5].
The generating function for the Bessel functions Jn(x) of integer order n (see, e.g.,
ref. [7]) is exp (w(v − v−1)/2):
e
w
2
(v− 1
v
) =
∞∑
n=−∞
vn Jn(w), 0 < |v| <∞. (5)
The choice of variables
w :=
S
~
, v − v−1 := 2i, (6)
gives the expansion
ei
S
~ =
∞∑
n=−∞
inJn
(
S
~
)
. (7)
The above is an infinite sum of terms, each one of which satisfies the Bessel equation
of order n,
d2
dw2
Jn(w) +
1
w
d
dw
Jn(w) +
(
1− n
2
w2
)
Jn(w) = 0, n = 0,±1,±2, . . . (8)
Some insight into the physical meaning of the expansion (7) can be gained from
the following observation. Consider the time–independent Schro¨dinger wave equation
for a free nonrelativistic particle of mass m on an auxiliary copy of the plane R2,
− ~
2
2m
∇2ψ = Eψ, (9)
which we solve by separation of variables in polar coordinates r, ϕ. Then the Laplacian
operator∇2 on this auxiliary R2 has the radial piece
d2
dρ2
+
1
ρ
d
dρ
+
(
1− l
2
ρ2
)
, l = 0,±1,±2, . . . , (10)
where the radial variable r (with dimensions of length) is related to the dimensionless
ρ through
ρ := λ−1r, λ :=
~√
2mE
. (11)
The solutions to the radial piece obtained by equating (10) to zero are Bessel functions
Jl(ρ) of integer order l ∈ Z. The eigenfunctions Yl(ϕ) of the angular momentum
operator corresponding to (9) and (10) are
Yl(ϕ) = e
ilϕ, l = 0,±1,±2, . . . (12)
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The general solution to the Schro¨dinger equation (9) is a linear combination
∞∑
l=−∞
cl Jl(ρ)Yl(ϕ), (13)
the cl ∈ C being certain coefficients.
Now, it is well known that given a classical action S on spacetime M, a semiclas-
sical wavefunction ψ for the corresponding quantum–mechanical problem is obtained
as ψ = eiS/~, where S satisfies the Hamilton–Jacobi equation [8]. For a stationary
state we can separate out the time dependence e−iEt/~. Consider the auxiliary plane
R2 spanned by the dimensionless polar coordinates ρ, ϕ. The previous argument shows
that the n–th term in the expansion (7) is a partial–wave contribution to the Feynman
wave eiS/~, where the dimensionless radial coordinate ρ on the auxiliary R2 is identi-
fied with the action S as measured in units of the quantum ~, i.e.,
ρ =
|S|
~
= |w|. (14)
To complete the picture, we identify the angular variable ϕ on the auxiliary R2 as
ϕ = 2piRe
(
e−iEt/~
)
, (15)
while the angular momentum l ∈ Z in eqn. (8) is identified with the index n ∈ Z. To
summarise, Feynman’s time–dependent exponential of the action becomes
e
i
~
(S−Et) =
∞∑
l=−∞
ilJl
(
S
~
)
exp
[
2pii lRe
(
e−iEt/~
)]
. (16)
This is an infinite sum over all possible angular momenta l ∈ Z of the auxiliary particle
on the auxiliary R2. As stressed in ref. [5], the auxiliary particle of mass m is not to
be confused with the physical degrees of freedom of the action S under consideration
in eqn. (3). Nor is the auxiliary plane R2 to be confused with the spacetime M where
S is defined. However, the introduction of this auxiliary particle on R2 turns out to be
a useful device for our purposes.
Initially one may assume that the polar coordinates ρ, ϕ of eqns. (11)–(15) cover all
of the auxiliary R2 and nothing else. However, there is no reason for ρ, ϕ to be global
coordinates. More generally, ρ, ϕ could be local coordinates on a certain auxiliary
surface S other than R2. For example, imagine that S is the Riemann sphere CP1, and
let us consider the local holomorphic coordinate on CP1 given by
z := ρ eiϕ. (17)
Now the point at infinity on CP1 is not covered by the coordinate (17). However we
may reach this point by introducing the new holomorphic coordinate z˜ on CP1
z˜ := −1
z
= ρ˜ eiϕ˜, (18)
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where
ρ˜ =
~
S
, ϕ˜ = −(ϕ+ pi). (19)
This leads one to the Feynman–like exponential
exp
(
i
~
S
)
(20)
as a candidate for describing the strong quantum regime of a theory whose auxiliary
surface S is CP1. Then the new choice of variables in eqn. (5)
w :=
~
S
, v − v−1 := 2i (21)
leads to the expansion
ei
~
S =
∞∑
n=−∞
inJn
(
~
S
)
. (22)
The semiclassical regime of (22) is mapped into the strong quantum regime of (7), and
viceversa.
For a small trajectory of order ∆q, the time–independent piece of the action S =∫
pdq can be approximated by p∆q. Under the duality (2), where ∆q → L2P /∆q, the
action transforms as
S = p∆q −→ pL
2
P
∆q
=
p2L2P
S
. (23)
Given that |z| = |S|/~, eqn. (23) is the dimensionful equivalent of the transformation
(18) on CP1.
To summarise, the statement that the duality (2) holds is equivalent to the statement
that one can transform the coordinate z on the auxiliary surface S as per eqn. (18). In
turn, this latter statement is equivalent to the existence of the duality (4) between the
semiclassical and the strong–quantum regimes.
3 A classification of duality transformations
We have in the foregoing section analysed the cases when the auxiliary surface S is
the plane R2 and the Riemann sphere CP1. Let us now be more general and consider
an arbitrary auxiliary surface S. Diffeomorphisms of S that are globally defined are
called automorphisms of S. The set of all automorphisms of S defines a group, de-
noted Aut (S). Elements of Aut (S) are duality transformations of the physical theory
described by the action S whose auxiliary surface is S.
Given a certain duality groupG of a given action S on a spacetimeM, we will look
for an auxiliary surface S such that Aut (S) ⊂ G, if possible such that Aut (S) = G.
In this section we perform a partial classification of duality groups. Under partial we
understand that, in general, one will not haveAut (S) ⊂ G. Rather, in the general case,
G will be an extension of Aut (S).
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The geometry of S will be dictated by the kind of duality transformations that one
wishes to implement for the physical action S on spacetime M [4]. When S is a com-
plex manifold we will further require that the above–mentioned automorphisms be
complex–analytic with respect to the complex structure on S. Riemann surfaces imme-
diately come to mind as possible candidates for the auxiliary surface S; for the rest of
this section, a good reference on Riemann surfaces is [9]. Then a local holomorphic
coordinate on S will be given by eqn. (17), with (14) and (15) holding true.
First and foremost, theories exhibiting no dualities will have S = R2. Such is the
case of standard quantum mechanics as presented, e.g., in ref. [8]. In this case no
coordinate transformation is allowed to map the semiclassical regime into the strong–
quantum regime, or viceversa. This implies that |z| = |S|/~ must remain constant.
Therefore standard quantum mechanics is described by the real auxiliary surface R2
with no complex structure on it, and its group of allowed automorphisms is the group
of isometries of the Euclidean metric dx2 + dy2 on R2.
3.1 The noncompact case
Consider first the complex plane C, which equals R2 endowed with a complex struc-
ture. The group Aut (C) is the group of affine transformations
z → z˜ := az + b, a, b ∈ C, a 6= 0. (24)
It is generated by rotations, translations and dilations. While translations and rotations
have no effect on the value of |z|, dilations certainly do. Thus the complex plane C
corresponds to theories allowing for dualities of the action S on spacetimeM.
For the upper half–planeH := {z ∈ C : Im z > 0}, the group of automorphisms is
PSL (2,R). Its elements are the transformations
z −→ z˜ := az + b
cz + d
, a, b, c, d ∈ R, ad− bc = 1. (25)
Again this group allows for changes in the value of |z|. C and H by no means exhaust
all possible noncompact Riemann surfaces, but let us move on to the compact case.
3.2 The compact case
All smooth, compact, connected, closed 2–dimensional manifolds can be classified
topologically: any such manifold is homeomorphic either to a sphere with g handles
attached to it, or to a sphere with b Mo¨bius bands attached to it. Now the Mo¨bius band
is nonorientable. Nonorientability implies that one cannot tell between positive and
negative values of the angular momentum l ∈ Z in eqns. (12), (16). To avoid this
possibility we will concentrate on the case of orientable manifolds S. Then we are left
with a sphere with g handles, which is a compact Riemann surface Σ in genus g.
3.2.1 g = 0
In g = 0 we have Σ = CP1. The latter is invariant under the PSL (2,C)–action
z −→ z˜ := az + b
cz + d
, a, b, c, d ∈ C ad− bc = 1. (26)
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Therefore Aut
(
CP
1
)
= PSL (2,C). This group is generated by rotations, transla-
tions, dilations and the inversion.
3.2.2 g = 1
In g = 1 we have that Σ = T 2, a complex torus with modular parameter τ , where
Im τ > 0. One proves that Aut (T 2) contains T 2 = C/H as a commutative subgroup.
Here H is the group generated by z 7→ z + τ and z 7→ z + 1, with z a complex
coordinate on C. Moreover, for most τ (in particular, for transcendental τ ), the group
Aut (T 2) is a Z2–extension of T 2.
3.2.3 g ≥ 2
If g ≥ 2, then Aut (Σ) is a finite group. The group Aut (Σ) can be faithfully rep-
resented on the 1st homology group H1(Σ). Specifically, let Sp (2g,Z) denote the
group of 2g × 2g unimodular matrices that respect the symplectic pairing between the
canonical α and β cycles in H1(Σ). Then there is a natural homomorphism
h: Aut (Σ) −→ Sp (2g,Z) (27)
which, for g ≥ 2, is injective. When Σ is hyperelliptic, Aut (Σ) can be embedded into
PSL (2,C).
3.3 Summary
Our analysis can be summarised as follows. When the auxiliary surface S is one of
the following Riemann surfaces Σ: C, H, CP1, T 2, then its corresponding group of
automorphisms is easily identified. In g ≥ 2 this group is always finite; if, moreover,
Σ is hyperelliptic, then this group can be embedded into PSL (2,C). In most cases one
has that Aut (Σ) is a subgroup (possibly finite) of PSL (2,C), and that the physical du-
ality group G is an extension (possibly trivial) of this subgroup of PSL (2,C). As the
notation indicates, PSL (2,C) is a group of projective transformations. The projective
nature of the corresponding dualities is borne out by eqns. (14), (15), (17). We con-
clude that the definition of semiclassical vs. strong–quantum duality can be taken well
beyond the original Z2–transformation of eqn. (4). The latter arises as the inversion
within the nonabelian group PSL (2,C).
3.4 Examples
An example where the duality (4) arises is the following. Consider the U(1) Born–
Infeld Lagrangian
LBI = det (ηµν + bFµν)1/2 . (28)
Above, ηµν is the Mikowski metric on spacetime and Fµν is the field strength of a
U(1)–valued gauge field Aµ, while b is a constant. For example, when one couples
Born–Infeld electrodynamics to a point particle of mass m and electric charge e, we
have that b = e/(mamax), where amax is the maximal acceleration possible [10].
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Now, in natural units, the inverse a−1max of a maximal acceleration is a minimal length,
that we can identify (possibly up to numerical factors) with the Planck length LP on
spacetime. Hence the existence of a maximal acceleration is equivalent to the existence
of a minimal length scale. On the other hand, in section 2 we have proved that the
following two statements are equivalent:
i) there exists a fundamental length scale LP on spacetime;
ii) one can perform the exchange (4).
It follows that the Born–Infeld Lagrangian (28) exhibits the duality (4).
That the Born–Infeld Lagrangian must exhibit the duality (4) is easy to understand
from an alternative standpoint. The (bosonic piece of the) Lagrangian for branes con-
tains the Born–Infeld term. Moreover, branes are solitonic solutions to the supergravity
equations of motion [4]. The latter contain Einstein’s equations for the gravitational
field. Upon quantisation we expect a fundamental length scale to arise. The duality (4)
then follows by the previous arguments.
4 Discussion
In this letter we have unveiled a quantum–gravity perspective on the duality between
the semiclassical and the strong–quantum regimes corresponding to an action integral
S on a spacetime manifoldM. That this latter duality should exist was suggested, from
a string–theory viewpoint, in ref. [4]. Besides string theory, there are other approaches
to a quantum theory of gravity. Together with string theory they all share one common
feature, namely, the existence a minimal length scale on spacetime, the Planck length
LP .
The duality (2) arises naturally in the geometrical setup of quantum gravity. On
the contrary its close cousin (4), though equivalent, may on first sight appear puzzling.
After all, Planck’s quantum of action ~ is a fundamental constant in units of which all
physical observables with a discrete spectrum are quantised, while the duality between
short and long distances is of a more geometrical nature. It may thus cause some
concern to even consider physical processes in which the measurable action S becomes
much smaller than the quantum of action ~. However, a moment’s reflection shows
that similar objections might be raised to the transformation (2), given that LP is also
a fundamental constant for every given spacetime dimension. Therefore, if it makes
sense to consider the geometrical duality (2), it makes no less sense to consider its
close cousin, the physical duality (4). Then the same reasoning that led one to require
invariance under (2) will also apply to require invariance under (4).
The existence of the Planck scale has been shown to be equivalent to the require-
ment that the duality (2) hold true [1, 2]. In this letter we have established the equiva-
lence between the duality (2) and that proposed in ref. [5], which can be summarised
in eqn. (4).
We have in ref. [11] advocated an approach to quantum gravity based on an at-
tempt to render the notion of a quantum relative to the observer. In this dual approach,
a prominent role is played by the auxiliary surface S. The latter is introduced as a real
2–dimensional manifold spanned by (certain functions of) the dynamical variables S
and Et. As already explained, our viewpoint can be summarised in the statement that
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rendering the notion of a quantum relative is dual to quantising the theory of relativ-
ity. Here the term relative refers to the fact that there is no preferred location and/or
preferred choice of coordinates on the auxiliary surface S.
That rendering the notion of a quantum relative provides a dual approach to a quan-
tum theory of relativity is more than just a pun on words. The above line of reasoning
establishes the following chain of equivalences: by ref. [1], the existence of a fun-
damental length scale LP is equivalent to invariance under the duality (2). In turn,
the latter is equivalent to the duality (4). Hence the semiclassical vs. strong–quantum
duality (4) is equivalent to the existence of the Planck length. The existence of a fun-
damental length scale is a hallmark of any quantum theory of gravity.
Along the way to the above conclusions we have learnt how to extend the original
Z2–transformation (4) to more general transformation groups. The groupG of physical
dualities of the theory defined by the action S on spacetime M will be an extension of
the group of automorphisms Aut (S). When this extension is trivial one has G =
Aut (S), and our procedure immediately allows one to identify G. At worst, one will
have to look for all possible extensions of Aut (S) in order to identify the group of
dualities of the given action S.
A substantial simplification is achieved when S is a Riemann surface Σ: one can
then relatively easily identify the corresponding group of automorphisms Aut (Σ) [9].
In most of the cases analysed in section 3 one finds that Aut (Σ) equals (a subgroup
of) PSL (2,C). The group PSL (2,C) (and subgroups thereof) is ubiquitous in the
presence of conformal symmetry. Thus, e.g., the relevance of Riemann surfaces to the
quantum theory of 2–dimensional gravity was shown long ago; conformal techniques
have been successfully applied more recently in ref. [12] to a variety of related prob-
lems.
Our classification of the possible duality groups makes no reference to the degrees
of freedom present in the action S. This is so because our treatment makes no assump-
tions concerning the precise nature of S. In particular, our conclusions apply equally
well to a finite number of degrees of freedom (a mechanical setup) and to an infinite
number of them (a field–theory setup). However, one would expect these degrees of
freedom to play a prominent role in the determination of the corresponding duality
transformations. The influence that S and the variables it depends on may have on the
possible dualities is encoded in the auxiliary surface S. For this reason one would like
to have a criterion according to which, given a certain action S on a certain spacetime
M, one could determine the corresponding auxiliary surface S.
The previous arguments also lead to the following conclusion. We have been able
to trade the information contained in the length scale LP on spacetime M for the in-
formation contained in the auxiliary surface S and its group of automorphisms. That
is, given the one piece of information we can recover the other piece, and viceversa.
However one is naturally inclined to believe that spacetime M is more fundamental
than the surface S. After all, the latter has been termed auxiliary. Without elevating the
surface S to the category of a fundamental concept, one can perhaps cut spacetime M
down to measure, if it ceases to be as fundamental a concept as it is usually claimed to
be. In fact M–theory has been argued to be a pregeometrical theory, in that it does not
postulate spacetime as an a priori concept. Modern theories of quantum gravity also
tend to do away with the spacetime continuum as a starting point, only to recover it as a
9
derived notion, not a primary one. In treating the action S independently of its specific
degrees of freedom and in analysing its properties through those of S, regardless of the
spacetimeM considered, our conclusions also point in this direction.
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